The governing differential equations with the nonhomogeneoustime-dependent elastic boundary conditions for the coupled bending-bending vibration of a pretwisted nonuniform beam are derived by Hamilton's principle. By taking a general change of dependent variable with shifting functions, the original system is transformed to be a system composed of two nonhomogeneous governing differential equations and eight homogeneous boundary conditions. Consequently, the method of separation of variables can be used to solve the transformed problem. The physical meanings of these shifting functions are explored. The orthogonality condition for the eigenfunctions of a pretwisted nonuniform beam with elastic boundary conditionsis also derived. The stiffness matrix for a nonuniform beam with arbitrary pretwist is derived. As the coef cients of the matrix can be integrated analytically, the exact stiffness matrix is, therefore, obtained. The relation between the shifting functions and the stiffness matrix is derived. The in uence of the pretwist angle on the dynamic response of the beam is studied. The vibration control of a pretwist beam with boundary inputs is investigated.
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Introduction
T HE dynamic analysis of the pretwisted beams is important in the design of a number of engineering components, e.g., turbine blades,helicopterrotor blades,and gear teeth. An interesting review of the subject can be found in the paper by Rosen. 1 The forced vibration problem of a pretwisted nonuniform beam with general elastic time-dependent boundary conditions is common in engineeringapplications.Thus, it is necessaryto developan accurate and simple method to solve this complicated problem and to nd its performance.
The vibrations of unpretwisted uniform Bernoulli-Euler beams with classicaltime-dependentboundaryconditionscan be solved by using the method of Laplace transform 2 and the method of MindlinGoodman 3 (also see Ref. 4) . In the Mindlin-Goodman method, a change of dependent variable together with four shifting polynomial functions of fth order is introduced. In general, by properly selecting these shifting polynomial functions, the original system will be transformed to a system composed of a nonhomogeneous governing differential equation with four homogeneous boundary conditions.Consequently,the method of separation of variables can be used to solve the problem. The dynamic analysis of a nonuniform Bernoulli-Euler beam with general time-dependent boundary conditions was given by Lee and Lin. 5 They generalizedthe method of Mindlin-Goodman and introduced four shifting functions with the physical meaning instead of those functions with no physical meaning given by Mindlin and Goodman. 3 The vibrations of unpretwisted uniform Timoshenko beams with classical timedependent boundary conditions were studied by Herrmann 6 and Berry and Nagdhi 7 by using the method of Mindlin-Goodman. Lee and Lin 8 extended their previous study 5 and further generalized the method of Mindlin-Goodman to develop a solution procedure for studing the vibrations of an unpretwisted nonuniform Timoshenko beam with general time-dependent boundary conditions. Approximation methods are very useful tools to investigate the free vibrations of pretwisted beams, where exact solutions are difcult to obtain even for the simplest cases. These methods are the nite element method, 9; 10 the Rayleigh-Ritz method, 11 the Reissner method, 12 the Galerkin method, 13 and the transfer matrix method. 14 -16 Rosard and Lester 14 assumed that the displacements at each element were linear. Rao and Carnegie 15 used an iteration procedureto determine the displacementsat each element. Lin 16 derived the exact eld transfermatrix of a nonuniformpretwisted beam with arbitrary pretwist without an iteration procedure and studied the performance of a beam with elastic boundary conditions. No research has been devoted to the forced vibration of the pretwisted beam with time-dependent elastic boundary conditions.
In this paper, the previous studies by Lee and Lin 8 and Lin 16 are extended.The governingdifferentialequationswith time-dependent elastic boundary conditionsfor the coupled bending-bending vibration of a pretwisted nonuniform beam are derived by Hamilton's principle. A solution procedure for studying the dynamic behavior of the system is developed by using the method of MindlinGoodman, and the eigensolutionsof the system are obtained by using the modi ed transfer method given by Lin. 16 A general change of dependent variable with shifting functions is introduced, and the physical meanings of these shifting functions are further explored. The orthogonalitycondition for the eigenfunctionsof a nonuniform pretwisted beam with elastic boundary conditions is also derived. The stiffness matrix for a nonuniform beam with arbitrary pretwist is derived. The relation between the shifting functions and the stiffness matrix is derived. The in uence of the pretwist angle on the dynamic response of the beam is studied. The vibration control of a pretwist beam with boundary inputs is investigated.
Governing Equations and Boundary Conditions
Considerthe forcedvibrationproblemof a pretwistednonuniform beam with time-dependentelastic boundary conditions as shown in Fig. 1 . Neither shear deformation nor rotatory inertia is considered. The displacement elds of the beam are
The total potential energy 5 and the kinetic energy T of the beam are 
Application of Hamilton's principle yields two coupled governing differential equations and eight time-dependent elastic boundary conditions. The two coupled dimensionless governing differential equations of the system are written as
and the associated dimensionless time-dependent elastic boundary conditions are given follows.
where
When the dimensionlesstranslationalspring constantis in nity or zero, the time-dependentdisplacement or the time-dependent shear force is prescribed. If the dimensionless rotational spring constant is in nity or zero, the time-dependent slope or the time-dependent moment is prescribed.
The associated dimensionlessinitial conditions of the motion are
Solution Method Change of Variable
To nd the solution for these differential equations with variable coef cients and nonhomogeneouselastic boundary conditions, one generalizes the method given by Lee and Lin 5 by taking
where the shifting functions g i .» / and N g i .» / are chosen to satisfy the following two differential equations:
: : : ; 8 (17) and the following boundary conditions. At
where ± i j is a Kronecker symbol. The shifting functions are derived and their physical meanings are discussed in the Appendix. After substituting Eqs. (15) (16) (17) (18) (19) (20) (21) (22) (23) (24) (25) into Eqs. (3) (4) (5) (6) (7) (8) (9) (10) (11) (12) (13) , one has the following differential equations in terms of N w.»; ¿ / and N v.»; ¿ /:
and the following associated homogeneous boundary conditions. At
The transformed initial conditions (15) become
The solution for Eqs. (26-37), N w.»; ¿ /, and N v.» ; ¿ / can be obtained by using the method of eigenfunction expansion. The eigenfunctions are speci ed by the associated homogeneous governing differential equations and homogeneous boundary conditions.
To derive the orthogonality condition of the eigenfunctions of the system, one lets 3 2 n be the nth eignevalue or the square of the nth dimensionlessnatural frequency and
T be the nth eigenfunctionof the system, where the superscriptT is the transpose of a matrix. The governing characteristic differential equation can be expressed as 16 It was shown that, as the element of the eld transfer matrix can be integrated anaytically, the exact eld transfer matrix of the system is, therefore, obtained.
Taking the inner product, one can easily show that
and O B vanishes because of the boundary conditions (29-36). Thus, the self-adjointness of the system is proved. Consequently, the following orthogonality condition is obtained:
where " n is a real number.
Mode Superposition
The solution N w.»; ¿ / and N v.»; ¿ / speci ed by Eqs. (26-37) can be expressed in the following eigenfunction expansion form:
Substituting it back to the governing equations (26-28) and the initial conditions (37), multiplying by [
, and integrating in accordance with the orthogonality condition (44), one obtains
The corresponding initial conditions are
The solution is
where p ¤ n .» / is the forced term in Eq. (46). After substituting Eq. 
Results and Discussion
To illustratethe applicationof the method and explorethe physical phenomena of the system, the following examples are presented.
Example 1
Consider the vibration of a clamped-hinged uniform untwisted beam subjected to a displacement time-dependent excitation 
.50/ Its four fundamental solutions are obtained: 
Its numerical results are listed in rows a of 
Example 2
To establish the element stiffness matrix of a nonuniform beam with arbitrary pretwist, the static de ection curves of the beam subjected only to a unit displacement or a unit slope at either end of the beam segment have to be determined. However, it is known from the meanings of the shifting functions explored in the Appendix that these de ection curves are just the shifting functions g i .» / and N g i .» / for the clamped-clamped beam listed in case 3 of the Appendix. Thus, the element stiffness matrix relation can be written as 
where v ¤ and w ¤ represent the static displacements in the y and z directions, respectively, and the elements of the stiffness matrix are 4 ;i in which the coef cients c j;i are the coef cients of the shifting functions. If the functions in Eq. (A9) can be integrated analytically, the exact stiffness matrix is obtained. Otherwise, an accurate solution can be easily obtained by using the numerical integration method. If the beam is unpretwisted, the following reduced matrix relation, which is the same as that given by Friedman and Kosmatka, 17 can be obtained:
Moreover, if the beam is of uniform cross section, the matrix relation (59) is further reduced to be the same as that given by Paz.
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Example 3
We investigate the vibration control of a pretwisted beam with boundary inputs. It is assumed that the beam is subjected to external harmonic transverse concentrated forces. The frequency of the boundary control inputs is the same as that of the external forces. The external forces and boundary inputs are
where the coef cients O P and O Q are given and O F i are to be determined. If the transient response from the initial conditions is neglected, the general dynamic solution (15) is reduced to the following steady solution:
i D 1; 2; : : : ; 8
If the displacements at » D » 1 are controlled to be zero, the following two conditions are obtained from Eq. (61):
One can choose only two boundary inputs to satisfy the conditions. If the mth and nth inputs are chosen, the correspondingcoef cients of the boundary inputs are obtained:
Similarly, if the displacements at » D » 1 and » 2 are controlled to be zero, one can choose the j th, kth, mth, and nth boundary inputs to satisfy the conditions.The correspondingcoef cients of the boundary inputs are obtained:
If the eight coef cients O F i of the boundary control inputs are taken in a similar manner, the displacements at arbitrary four positions can be controlled to be zero.
For investigating the vibration control of the beam further, the steady response of three kinds of cantilever tapered beams with different pretwist angles, i.e., 1) µ D » 8, 2) µ D » 2 8, and 3) µ D ».2¡» /8, subjected to a concentrated harmonic transverse force without boundary control is discussed. The corresponding steady response will be
It is shown in Fig. 2 that the in uence of the tip pretwist angle 8 on the tip amplitudes of case 3 is greatest and on those of case 2 is weakest. It is concluded that a greater variation of the pretwist angle near the root of the beam provides a greater in uence for a given tip pretwist angle. The vibration control of the cantilever tapered beam with the pretwist angle µ D » ¼ , discussed earlier, is investigated with three kinds of boundary control methods. First, if only the tip displacements are controlled to be zero and the second and fourth boundary inputs are taken, the corresponding coef cients of the boundary inputs are obtained from Eq. (65) inputs are taken, the corresponding coef cients of the boundary inputs are also obtained from Eq. (65) Fig. 3 that the displacements obtained by using the rst method are larger than those obtained by using the second one and the third one. Moreover, the displacementsobtained by using the third method are smaller than those obtained by using the rst one and the second one.
Summary
The governing differential equations with the general timedependent elastic boundary conditions for the coupled bendingbending vibration of a pretwisted nonuniform beam are derived by Hamilton's principle.A solution procedureto study the dynamic response of the beam with arbitrary pretwist is proposed. The physical meanings of the shifting functionsare revealed.The self-adjointness of the system is proved. The orthogonality condition for the eigenfunctions of a nonuniform pretwisted beam with elastic boundary conditions is derived. The stiffness matrix for a nonuniform beam with arbitrary pretwist is derived. As the coef cients of the matrix can be integrated analytically, the exact stiffness matrix is, therefore, obtained. The greater the variation is of the pretwist angle near the root of a cantilever beam subjected to a transverse force, the greater the in uence of pretwist for a given tip pretwist angle. For the steady motion of a beam subjectedto an external harmonictransverse force, its displacementsat an arbitrary four or fewer positions can be controlled to be zero at the same time by taking boundary inputs. 
